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Asymptotic  solutions  of  ordinary  linear  di/terential  equations  show 
peculiarities  in  the  neighborhood  of  certain  exceptional  [>oints,  called 
transition  or  twning  points.  Ir.  the  case  of  a real  independent  variable, 
the  typical  behavior  is  a change  from  oscillatory  to  monotonic  solutions 
as  the  independem  variable  passes  Through  a turning  point.  The  classical 
theory  of  asymptotic  solutions  breaks  down  in  the  neighborhood  of  such  a 
point,  artd  special  investigations  are  required. 

In  the  present  report,  papers  dealing  with  this  situation  are  listed 
alphabetically,  togethet  with  a brief  description  of  their  contribution  to 
the  subject  of  this  survey.  Basically,  only  mathematical  papers  have 
been  listed,  but  a few  exceptions  occur.  The  early  papers  on  the  t'JC3. 
method  have  been  included  for  historical  reasons  ever,  though  they  do 
not  contain  a mathematical  theory.  Certain  papers  on  physical  problems 
were  included  because  in  rocne  way  they  contributed  to  the  marh^maticai 
theory.  Papers  on  special  functions  were  included  if  their  results  were 
derived  from  the  differential  equation.  There  is  a large  number  of  papers 
in  which  the  behavior  of  special  functions  in  the  neighborhood  of  a trana* 
ition  point  is  investigated  by  meana  of  the  method  of  steepest  descent 
applied  to  their  integral  represemetions,  or  by  means  of  some  other 
method  which  is  not  based  on  the  differential  equation.  Such  papers 
have  been  excluded  from  the  present  survey. 

Most  of  the  papers  listed  here  deel  with  differential  equations  of  the 
second  order.  Very  little  work  has  been  done  on  differential  equations  of 
higher  order,  or  on  systems  of  differential  equations  of  the  first  order 
with  turning  points;  a few  papers  whose  methods  or  results  seem  to  offer 
a good  starting  point  for  further  research  in  these  directions  have  been 
included. 

Effons  will  be  made  to  keep  this  bibliography  up  to  date.  Corrections 
and  additions  will  be  welcome. 
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BriUiHilB.  L.  Remargaea  mm  la  M«caalqae  Oadalato^.  }.  Phya.  Radium 

35^-368  (1926). 

The  author  obtains  a formal  solution  of  the  3 tiimensional  SchrMinger 
equation  at  the  exponential  of  a power  series  in  A.  Phase  integral  coo* 
ditions  are  also  obuit>ed. 


Caahwell,  E.  D.  llie  aagraipCoUc  solaUooa  of  aa  ordlaanr  diffaftaUal 
agaafioa  la  widek  the  coefnclMt  of  the  panaMter  la  aiasalar.  Pacific 
J.  Math.  1.  337-353  (1951X  Rev.  13,  46i  (1952). 

The  differential  equation 
U)*  (#)- (A*<r(«)  ♦ r(A,t)j  MfU)  « 0 

is  studied,  where  r(A,  s)  has  a pole  of  order  one  or  two  at  s^,  A is  a 
large  conptez  paraoieter,  and  a(s).>  (s  - Sg)"*  d'(s),  ^>ng  • eingle 
valued  asalytic  function  bounded  away  from  zero.  The  author  considers 
the  noroisl  fees 


/(,)-  + X(p.x)  a(«)-0, 

L * 


where  X(r)  is  analytic  and  0*(t)  is  analytic  and  non-vanishing.  Asym- 
ptotic for.7.s  :f  the  sol'ttions  valid  in  certain  regions  of  (A,  <)  space  are 
obtained  in  terms  of  the  elementary  functions  by  means  of  a related 
equation.  In  this  connection  see  Langer,  Trans.  Amer.  Math.  Soc.  37, 
397-416  (1935). 


CiMrry,  T.  M.  IMlforv  aajraptotlc  expaookHis.  J.  London  Math.  Soc.  24, 
121-130  (1949):  Math.  Rev.  II,  >4,  (1950). 

The  author  obtains  uniform  approximations  to  J^(x)  to  an  arbitrarily 
high  order  in  for  a range  of  the  argumenc  x which  includes  the  trans- 
ition point  and  is  independent  of  v.  The  method  is  one  of  comparison  with 
the  Airy  equation  by  means  of  an  integral  equation. 


Chmy.  T.  M.  UaifonR  Mynpiollc  foriMdae  for  fMkjctioau  »ah  tiK*l(ioa 
poi»U.  Trwi..  Amet.  Wwh.  Soc.  68,  224-257  (1950);  MjitS.  Re-».  II, 
596,  (1950). 

Differential  equations  of  the  form 

(•)  _I  ♦ 4 ^(j,  w'M]- 0, 

ax  * 

where  v is  a lar((e  complex  parameter  and  g(a,  ic)  is  analytic  in  both 
variables  arxl  is  also  regular  at  < > 0,  ic  ••  0 are  studied.  Approximations 
a hose  error  is  uniformly  for  x in  a closed  region  havittg  the 

point  2 > 0 in  its  interior,  are  obtained  by  transforming  the  Airy  equation 
into  an  equation  approximately  the  same  as  (*)  and  then  corrparing  by 
means  of  an  integral  equation.  Applications  to  Bessel  and  hypergeomecri; 
functions  are  given. 


Ckany,  T.  M.  A«y«pCotk  expcMkMia  for  U»  Iqrparggoilrlc  fMctioaa 
ocemtmt  la  gaa-flow  theory.  Proc.  Roy.  Soc.  Loodoo  Ser.  A.  MX, 
507  * 522  (1950);  Math.  Rev.  1*.  257  (1951). 


The  equation 


ii, r __L 

dr  _ 2r(l  - r)  4r* 


0, 


where  0 < r < 1 and  u is  large  and  complex  is  considered.  The  coefficient 
of  y in  (*)has  a simple  zero  at  r^  « l/(]  4 2^).  Non  uniform  asymptotic 
approximations  to  the  solutions  in  terms  of  the  elementary  functions  are 
obtained  near  Uniform  asymptotic  formulas  involving  Bessel  functions 
are  obtained  by  application  of  Cheny,  Trans.  Amer.  Math.  Soc.  68.  224 
(1950). 


Gcldstria.S.  .A  note  on  cert  ala  apfroxlmatc  aolatioasof  llaeir  dlffercoUal 
eqgtaiiotw  of  the  second  order  with  aa  application  to  the  Maihlea 
equation.  Proc.  Lor>don  Math.  Soc.  (2)  26,  81  *90  (1928). 

This  paper  extends  the  results  of  Jeffreys  Proc.  London  Math.  Soc. 
23,  p.  428.  to  the  cose  in  which  X(x)  has  a zero  of  any  order  at  x - 0. 
Formulas  connecting  the  asymptotic  forms  on  each  side  of  x ■ 0 are 
obtained  by  using  the  asymptotic  expansions  of  Bessel  functions. 

A correction  of  en  error  in  this  paper  is  given  in  Proc.  London  Math. 
Soc.  33,  p.  246. 


0 


Goldstein,  8.  A note  on  ceitnln  approxliimc  •olnuotis  U Miiear  diffef> 
eflUal  eqtMtiOM  of  the  necomA  order.  Prc- . !.n>v,'or.  Mat.h.  Soc.  (2)  33, 
246-252  (1932). 

The  author  considers  the  equation 

-^-(A*X^.AX,)y -U. 

where  X^(x)  has  a double  zero  at  the  oriain,  and  A is  real  and  large. 
Connections  beta'een  the  asymptotic  forms  of  the  solutions  on  each  side 
of  X > 0 are  established  by  means  of  the  asymptotic  representations  of 
{he  parabolic  cylinder  functions  0^(z). 

IiMtl.  IMO  On  arefiaenert  of  the  W.K.B.  netiiod.  Physical  Rev.  (2)  74, 

113  (1948);  Math.  Rev.  10,  41  (1949). 

The  author  studies  the  differential  equation 
❖ ' +A*PU)<l>-0, 

where  x is  real,  A is  real  and  large,  and  P(x)  has  a simple  zero  on  the 
interval  considered.  An  ingenious  change  of  independent  variable  is 
used  to  obtain  an  improved  approximate  solution  in  the  neighborhood  of 
the  zero  of  /*(*). 


Jeffreys,  Harold,  Ob  certsin  apBroslmatc  boImIIobs  of  Ifetear  dUTereatlsJ 
egBSlloBB  of  (be  second  urdei.  Proc.  London  Math.  Soc.  (2)  23, 
428-436  (1924-25). 

The  author  considers  the  equation 


</*  y 

C X(x)y-0. 

</x* 

where  X is  real,  A is  real  and  large,  and  X(x)  has  a simple  zero  at  x^. 
Formulas  connecting  the  asymptotic  forms  on  each  side  of  x^  are  obtained 
by  means  of  the  asyrriptotic  expansions  of  for  large  x. 


Jeffreys,  Harold.  AsysipCaUc  solnllons  of  linear  dlfferesUal  equatloiis. 
Philos.  Mag.  (7)33  , 451-456  (1942);  Math.  Rev.  4,  43  (1943). 

The  author  considers  the  following  differential  equation 


-r~r 

ax- 


- (A*  X„  + AX,  + X,)y 


0. 


where  X^U)  has  a simple  zero  at  r - 0.  Formulas  connecting  the  asyro* 
ptottc  forms  on  each  side  of  x <*  0 are  obtained  with  the  aid  of  Airy 
functions. 


Keller,  H.  B.  end  J.  B.  Keller.  Oc  systsma  of  IJeear  ordlaay  dinereirUal 
e^elitMie.  New  York  Univeraity,  aashington  Square  College  Mathe* 
matics  Research  Group  Research  Report  No.  EM*33  (1951);  Math.  Rer. 
13,  346  (1952). 


The  system  considered  is 


duit) 

dx 


A (a)  «(a). 


where  A (z)  is  a square  matrix,  u(z)a  column  sector,  z ranges  either  over 
a real  interval  or  a region  in  the  complex  plane.  In  domains  in  which  A (z) 
can  be  diagonalized,  the  Peano»Baket  solution  (matrizant)  may  be  re« 
arranged  so  as  to  form  a rapidly  convergent  aeries.  If  A(a)  > iA,(z) 
where  is  a large  parameter,  this  rearranged  series  maytpe  converted  into 
an  asymptotic  expansion  (for  large  k)  whose  first  term  is  the  V.K.B. 
approximsticn.  Turning  points  occur  where  the  diagonal  form  of  A breaks 
down.  No  'jniform  approximations  are  obtained  for  the  neighborhood  of 
such  points.  In  the  real  case,  connection  formulas  are  derived  by  using 
the  original  PearwBaker  form  in  the  neighborhood  of  a turning  point  and 
the  modified  formulas  outside. 


Kemble,  Ediria  C.  A coaCribiKloa  to  tte  Iheonr  of  the  W.JC.B.  method. 
Physical  Rev.  48,  549*561  (1935):  FuBdaneaUl  Prhiciples  of  QfuUtm 
Mechaalcs.  McGraw  Hill  (1937). 

Zwaan’s  scheme  for  deriving  the  connection  formulst  at  the  transition 
point  of 

u*  + A*  u - 0 

is  put  on  a tigorous  basis  by  considering  the  differential  equations  govern- 
ing the  variation  in  the  coefficient  during  the  fitting  process. 

Kramas,  H.  A.  Welleomecbaalk  nod  baJbxahlise  Qnaatisienaic.  Z. 

Physik  39,  828-840  (1926). 

The  differential  equation 
2»r 

4>  + yd» " 0, 

where  y ■ y U)  • 2m  [£^  - P U)1  is  positive  for  x , < x < x ^ and  negative 
elsewiiere,  is  studied.  Asymptotic  forms  of  the  solutions,  valid  for  x < x, , 


R 


t,  < T < Xj,  snd  X ''  s,  are  obtained  in  a Keufiatic  manner  by  ccmpariaon 
with  the  Airy  equation.  The  phase  intcgrai  condition  is  also  obtained. 


Kunar  Saha,  AJit.  The  traaamiaakM  tactora  of  potential  barriers. 

Nat.  Inst.  Sci.  India  It,  37}*385  (1944);  Math.  Rev.  9,  436  (1948). 

The  differential  equation  studied  is 


(’) 


d»X  2m  f , „ /((♦!)  A* 

I 7^  TUT 


X -0, 


the  coefficient  of  X bein^  xero  at  two  values  of  r and  negative  in  between. 
Connection  formulas  which  associate  the  asymptotic  representations  of 
(*)  away  from  the  transition  points  are  obtainrd.  The  author  develops 
the  method  of  Langer  for  deriving  these  formul.>s  .nd  the  results  are  com' 
pared  with  less  iatisfactory  methods  by  Gamow,  Sommerfeld  and  Bethe. 


L«ag»r,  Biidalph  E.  Oa  the  sajrinplottc  solaUaas  of  oidiaaQr  dUrerehtfa) 
eqpnUoM,  with  aa  appllcaUoa  to  the  Beasel  fiaictioas  of  large  order. 
Trans.  Amer.  Mach.  Soc.  33,  (1931). 

The  differential  equation  studied  is 
d ^ II  do 

(•)  P-T— ► (p*^*  + 9)0  - 0, 

dx*  dx 

where  p is  a complex  parameter,  p,  ?,  functions  of  x defined  on  an 

interval  /which  may  be  infinite,  ^*(x)  has  a zero  at  x^  of  order  v,  and 
the  function  (x  - 0*(x)  is  twice  continuously  differentiableand  is 

real  and  positive  span  from  a constant  complex  factor.  .Asymptotic  forms 
of  the  solutions  are  obtained  by  comparing  (*)  with  a related  equation 
whose  solutions  involve  Bessel  functions.  As  sn  application  formulas 
are  obtained  for  J^,  with  arguments  paecha  an-.'  paecli/3  for  all 

teal  o >nd  /3  and  targe  positive  p. 


Laager.  Badolgb  E.  Oa  the  aaymploUc  eolatloaa  of  dfffetcaCial  eqaaUoaa 
with  aa  appUcatloa  to  the  Bessel  feacUoae  of  large  contple:  order. 
Trans.  Amer.  Mach.  Soc.  34.  447*480  (1932). 

This  paper  is  an  extension  of  the  results  of  Langer,  Trans.  Amer. 
Math.  Soc.  313,  23  (1931).  The  equation  considered  is 

p(x)4^  + (p*0*(z)  q(x)l  y(x)  » 0, 
dx*  dx 

where  x is  a complex  variable  ranging  over  a simply  connected  region  R ^ 
of  the  complex  plsnc,  p is  a complex  parameter,  and  0*(x)  » z *' 
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it  bein/t  aasumvtJ  th«t  the  ofi/(in  lies  in  , i/  is  a real  non*nej(ative 
number,  0*(s)  is  an  anclycic  function  on  R^.  and  > A > 0 on  R^. 

As  an  application  the  author  obtains  asymptotic  formulas  for  Bessel 
functions  of  larf(e  complex  ordet  and  argument. 

l^aater.  Rwtolph  r..  Ttw  Myaplotlc  kImUom  of  ccrUlB  llaev  crdl—y 
dlffereatUl  eqwdlOM  of  tk«  aecoad  orRer.  Trans.  Amer.  Math.  Soc. 
3d.  90106  (1954). 

The  differential  equation 
d*a 

- fA*  Aq,(s)  ♦ ?,(»*  A)1a  - 0 

is  studied  in  a re((ion  of  the  a plane  in  which  q^{t)  has  a secorvl  order 
zero,  the  complex  parameter  A beinft  taken  as  large.  Asymptotic  forms  of 
the  solutions  ar>d  connection  formulas  are  obtained  by  comparison  with 
the  confluent  hypergeometf  ic  fuactioo  . 

Laacer,  Ratfolph  E.  TIk  aolaUoM  of  Uie  MaUUea  tqBatkm  wUk  • cmh 
pics  variable  aad  at  least  oae  parameter  large.  Ttans.  Amer.  .Hith. 

Soc.  36,  637*69?  (1934). 

On  the  basis  of  his  previous  work  in  Trans.  Amer.  Math.  Soc.  (1931, 
1932,  1934X  the  author  studies  the  Mathieu  equation 

— ♦ (A  - n coa  2 r ) u • 0, 

dx 

where  z is  complex  and  A andd  are  real  parameters,  at  least  one  of  which 
is  larie.  The  exterior  of  a circle  in  the  (0.  A)  plane  is  divided  into 
sectors  and  for  each  sector  the  asymptotic  forms  of  the  solutions  in 
regions  of  the  r plane  ore  given.  Connection  formulas  are  also  supplied. 

Laager,  Badolpb  E.  Tba  asymptotic  solatloBS  of  ordlaary  llaaar  dllfer* 
CBtlal  eqaatloBS  of  the  aecoad  prdirr  wltJi  special  referaace  to  tlw 
Stokes'  pbaaeawaoe.  Bull.  Amer.  Math.  Soc.  46.  343*382  (19.34). 

This  is  a symposium  lecture  giving  a general  historical  sketch  of  the 
problem  of  finding  arymptotic  solutions  of  the  differential  equation 

f (A*0*U)-  XCx)1«  - 0, 

dx* 

where  0*(x)  is  first  taken  to  be  bounded  away  from  zero  af»d  then  is 
permitted  to  have  a zero  of  order  v.  References  to  the  literature  are 
given . 
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Luiter,  Rudolph  E.  Oa  (he  aaynptotlc  •olotlous  ot  ordinary  difTereallal 
CQuatioiHi,  wRh  refereaoe  to  the  Stokea*  phenootefioa  about  a aiucnlar 
point.  Trans.  Amer,  Math.  Soc.  37,  39>416  (1935)- 
The  dift'erential  equation  considered  is 


vr 


d.t* 


(Ad»(s)  ♦ f(.\,  s)]  uf  - 0. 


%here  A is  a larf;e  complex  parameter.  r(A,  s)  has  a pole  of  order  at  most 
two  at  s^ , snd  i!tis)  • {x  - s^)‘'  (sX  v > -2,  with  dr , (s)  a non*vanish* 
in/;  stn|tle«valued  analytic  function.  The  author  considers  the  normal  form 


d'u 

17*  " 


A* 

; + X(p, 


) a^O. 


where  X is  analytic  artd  d'*(r)  “ s ‘^*““**  multiplied  by  an  analytic  furtction 
and  it  - L/t2(v  t 2)].  Asymptotic  forms  of  the  solution  are  obtained  for 
regions  of  (p,  t)  space  r-s  Bessel  functions. 


LMper.  Budolpli  E.  On  the  connection  form  id—  and  the  nolnttona  of  the 

wntre  etiuetttUie.  Physical  Rev.  51,  669^76  (1937). 

The  author  applies  some  of  his  previous  results  to  the  Schrddinger 
wave  equation. 


Lancer,  Rudolph  E.  The  anymptotlc  aoiuUooa  of  ordinary  linear  differ- 
ential eqpatioao  of  the  aecood  order,  witb  apeclal  reference  to  a 
Unlnc  point.  Trans.  Amer.  Math.  Soc.  67,  461*490  (1SM9);  Math.  Rev. 
11,  438(1950). 

The  differential  equation  considered  is 
d*u 

(•)  lA*q^(x)  t Aq,(x)  ♦/?(*,  A)1  a - 0, 

dx 

where  /?  (x.  A)  ••  £ r^(x)/A*',  q, , and  each  have  derivatives  of 

v»  0 

all  orders,  A is  large  and  complex,  and  q^  (x)  lias  a simple  zero  at  the 
origin  and  is  real  on  the  interval  (a,  A).  By  mean::  of  Bessel’s  equation 
and  successive  transformations  s sequence  of  approximating  equations 
with  known  solutions  is  obtained.  In  this  manner  asymptotic  solutions 
valid  in  a<x  <h  are  obtained,  with  an  estimate  of  the  error  being  obtained 
(inm.  ~.i  iiiUrgisl  equation. 


Lcoger,  Rudolph  E.  On  the  wave  rqtailon  with  email  Q^iwdum  atanbers. 

Physical  Rev.  (2)  75,  1573*1378  (1949):  -M=:b.  ?.cv.  lO:  '!0(!<M9). 
T!i<:  rtuthor  applies  soi;-.e  of  his  pcevirus  work  to  the  Srhrddinger  ^»ave 
equation. 
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Lufcv.  Radolpii  E.  A«jr«Pio(lc  aolaliotts  of  o dMterraUal  e«uUofi  la 
Uw  lteo(7  of  alCTOT»3ve  propacatioQ.  Comm.  Pure  Appl.  Math.  3, 
427-438  (1950);  Math.  Re*.  1*.  828  (1951). 

The  author  applies  some  ofhia  preeioua  work  to  a study  of  the  equation 

— ♦ A * [ A 4 y (A)l  a - 0, 
dh 

where  .A  i«  a complex  p::rameter. 

Leavitt,  wmian  G.  Oa  ayatcoio  of  tiaear  dmereatial  eqaatteaa.  Amer. 
J.  Math.  73,  690*696  (1951);  Math.  Rev.  13,  346  (1952). 

The  author  considers  the  equation 
U'  - (A/f  *P)V 

over  the  complex  plane,  where  A and  P are  2 x 2 matrices  and  £/  is  a 2- 
vector.  The  equation  is  reduced  to  a canonical  form  in  which 


and  0 is  either  0 or  I.  Asymptotic  solutions  for  lar^e  A are  given  when  p 
has  one  single  zero. 

LlgMhiU.  M.  J.  The  bodocraph  UaaaluraiaUoa  la  tru  anair  now. 
n.  Aoxlllaiy  (heorems  oa  Um  tvpergeoaKRic  fiMcucaa  0^(r),  Proc. 
Roy. Soc. London  Ser.  A. 191,  341-351  (1947);  Math.  Rev.  9,  350(1948). 

The  author  applies  a method  of  Langer,  Trans.  Amer.  Math.  Soc. (1931) 
to  the  following  differential  equation  with  transition  point 

+ 4 (r)  si ' 4 n*  B{r)  4i ^ > 0. 

Mekaya,  D.  AaynpUHic  loteirala  of  a fotatb  older  dlffereatUi  eqaaUoa 
coala ia mg  a Ivge  pfraawler.  Proc.  London  Math.  Soc.  (2)  49,  436- 
437  (1047);  Math.  Rev.  9,  436  (1948). 

The  following  differential  equation  is  considered: 

0 ***  + f-2a*  4-  fA(u)  - c)]  0*4  la*  - iAa*(u^  - c)  - iA«»*  ] 0 > 0, 

where  y is  the  independent  variable,  a*  is  a constant  of  order  unity,  A 
is  a large  positive  parameter,  and  u>  - c is  an  even  function  of  y defined 
on  fh.*  range  - 1 < y < i and  havi.ng  a sin.ple  zero  at  y^,  0 < y ^ < 1.  Asym* 
ptotic  forms  of  the  solutions  on  each  side  of  Xg  are  obtained  together 
with  connection  formulas.  The  method  is  an  extension  of  (hat  of  Jeffreys. 
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Scbwld,  NatlMii.  TiM  aairaplotte  foma  of  tho  Bamli'a  aad  VoImt 
Uoaa.  Iraos.  Ataer.  Kl5th.  Soc.  37,  339*362  (1935). 

Asymptotic  foms  of  the  solutions  of 
d^w 

(2k+  l-**)lo(t)-0 

dz 

which  src  valid  for  large  complex  parameter  a ai»i  all  complex  values  of  t 
are  obtained.  Asymptotic  forms  ofthe  Hermite  functiooa  axe  also  obtained. 
The  method  consists  of  an  application  of  formulas  of  Langer. 


Stefart,  H.  2m  sajwMioUmtktm  iatapattoa  voa  DtfTcreaUalfltkrbBaceB. 
Math.  Z.  43,  173-192  (1942);  Math.  Rev.  4,  276  (1943). 

The  author  considers  the  differential  equation 

— ^ + p U)~  - (p*  ^ (x)  ♦ r(x)l  y - 0, 
dx*  dx 


where  x is  real,  the  functions,  p,  q,  r,  are  real  valued,  and  q(x>  has  a 
simple  zero  at  x^.  Given  the  asymptotic  behavior  of  a solution  on  one 
side  ofXp,tbe  author  determines  its  behavior  on  the  other  side  by  analytic 
continuation.  No  results  in  the  transition  region  are  given. 

Sips,  ■obcrt.  Bcpr^MStsUos  ssjrmptoUqpe  des  roacUoas  de  MatlMtw  et 
des  rtwcikMS  d'oadc  spIlcroldsleB.  Trans.  Amer,  Math.  Soc.  SS,  93* 
134  (1949);  M«h.  11,  435  (1950). 


The  differencial  equations 


(Mathieu) 


(Spheroidal) 


are  compared  with  o*)  q ■ 0,  and  the  equation 


(Spheroidal) 


is  compared  with 
9 


q *■  {/nf2p-fl j-  ) q » 0. 

a \ 4 o*  / 


Slratt.  M.  J.  O.  CtMracttrUUc  canres  of  BUI  probIt— . I.  The  aaj«* 
pioUc  fora  of  the  cwm.  Nr<>erl.  Akod.  Veteaach.  VersUgca,  Afd. 
Natuurkunde  5t,  212-222  (1943);  M«h.  Rer.  7,  160  (15<16). 


Tbe  di/fereatial  equation  considered  is 


+ [;>(?)♦  A ♦ x^(x)]  W m 0 


where  s is  real,  (|A|  * |y|)  is  large,  p(t)  lod  q(t)  are  periodic  with 
period  and  p(r)  X *■  y^(>)  has  nro  ainple  zeroa  in  z^  < z < -f 
Aaymptuitc  formulas  for  the  solutions  are  obtained  by  aa  applicatioa  of 
Longer,  Trans.  Aa>er.  Math.  Soc.(193d)  sad  Bull.  A»er.  Math.  Soc.(1934). 


Taylor.  W.  C.  A cnipieu  set  of  aayoiptotlc  farwalaa  for  VMltalMr 
fweUoa  aad  dM  Lagacm  potyaeaUals.  J.  Math.  Physics  It,  34*49 
(1939). 


The  author  appliea  the  methods  of  Laager,  Trans.  Amer.  Math.  Soc. 
(1931,  1932,  1935A  to  the  equation 


d*a  / 1 fc 

r I ♦ — ♦ — s I a ■ 0, 

dz*  \ 4 z z*  / 


where  k,  m,  z are  cco;plez,  ai  is  bounded,  k ■*  —,  aixl  z is  unrestricted. 


ThHHMi,  B.  AaypteUc  fonarfat  for  apeclal  aolatloaa  of  tka  hoiavaph 
apaitloa  ia  coatpreoMkla  flow.  Naciooaal  LucbcraanlaboraroriuB, 
Aosterdam, Report  F.  4t^  i'f  26  pp.(1949)l  Math.  Rev.  It,  711  (1949). 


The  differential  equation  conaidered  ia 
d*W  Fn*-!  1-f/ (1  - r^)  (1  ♦ 3r. ) 1 

d f*  [_  4 f*(l  - f)  16(1-?)*»  J J 


r-0. 


where  n is  a parameter  and  is  a constant.  The  author  adapts  the  method 
of  Longer,  Trans.  Amer.  Math.  Soc.  34,  441*480  (1932),  and  transforms 
the  problem  of  finding  the  solutions  of  (*)  into  a problem  of  solving  a 
certain  integral  equation.  He  the..  vL  ain*  a convergent  Neumann  aeries 
for  the  solutions,  which  for  large  values  of  n leads  to  simple  csystpiotic 
formulas  for  the  solutioii.  The  formulas  fo,  r < are  different  from  those 
for  f > . 


Ttlconi,  Francesco.  Us  noovo  metodu  di  siudlo  deUe  eqssxlawi  dlllsi* 
enzlali  linearl.  Univ.  e Politecnico  Torino  Rend.  Sem.  ^4at.  8,  7*19 
(1949):  Math.  Rev.  11,  437  (19W). 

This  IS  an  expository  article  devoted  to  a method  of  Fubini  for  solving 
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equations  of  the  form 

y*  +P|(*)y'  ♦ P|(*)  y - ^ t*)y'  *Bis)y'  ♦Ct*)y, 

where  two  independent  solutions  of  the  left  hand  side  arc  known.  The 
method  i.s  ot>e  of  reduction  to  two  integral  equations  of  th.e  Volterra  type 
which  cm  be  solved  by  succeasive  approaimationa.  U A{x)  • 0{y~'), 
S(jt)  a C CU)  ■ 0(v“'X  r > 0,  then  this  aiethod  gives  asymptotic 

forms  for  the  Laguerre  polynomials  m Tbe  aeros  n(  L^l*) 

are  also  considered. 


‘irieoad  Praaotaco.  Mmwiport— etoMit<itirodeH*a«>rt«w>goliaolo 
tfi  Lsgaerre  aeU'  latono  dell*  aada—  4n.  Comment.  Math.  Helv.  S2* 
150- 167  (1949);  Math.  Rev.  li,  703  (1949). 

Thr  author  applies  the  method  of  Fubini  to  the  confluent  bypergeo* 
metric  equation 

*y*  + (c-x)y*  ~ay«0 

to  obtain  the  asymptotic  behaviot  of  the  Laguerre  polynomials  in 

the  1 icinity  of  x - 4m  'f2(a>l)asm-*w. 

Itlcoail,  PnuKcaoo.  Salle  faarloal  dl  Besael  dl  erdlae  e wgnaMatn 
pieacodie  agamli.  .\tti  Accad.  Sci.  Torino  Cl.  Sci.  Fis.  Mat.  Nsc.  S3, 
3-.?0(1949);  Math.  Rev.  ||.  594  (1930). 

Tht*  following  asymptotic  representation  is  obtained 

♦ (lOt.)-’  i:ir*  4;  (r)r  2t.4  ,(t)]fO(w‘‘^). 
where  v is  real  and  large,  I is  real.  A , (1)  is  Airy’s  hmction. 


A similar  formula  is  obtained  for  Bessel’s  function  of  the  second  kind 
and  a discussion  of  the  zeros  of  Bessel  functions  of  the  first  and  second 
kind  is  given.  The  method  used  is  that  of  Fubini;  see  Tricomi,  Rend. 
Sem.  Mat.  8,  7-19  (1948). 
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Wuow.  WoUfMs.  Qm  Uw  avTuploUc  salaOM  of  Ite  dUTomiUai 

Cor  MBoll  dlotartMacM  !■  s laaliiv  Dow.  Proc.  Nat.  Acad.  Sci.  U.SA. 
33.  232*234  (1947):  Math.  Rev.  §,  144  (1948). 

The  differential  equation 


iscooaideTed  oeeradotnain  io  the  conplez  plane  in  which  the  coefficienta 
are  analytic  and  in  which  haa  a aimpte  zero.  The  pemaeter  X is  taken 
to  be  of  cooatant  arfuaent.  The  author  sets  Qix)  “ J*[-&jGc)]^  dx  and 
dWidea  a nei/rhborhood  of  the  zero  of  into  three  sectors  by  eoeaos  of 
the  curves  K(X^(z)]  - 0.  He  then  states  without  proof  four  theocens  on 
the  asymptotic  representation  of  solutions  in  these  sectors. 

VoUg««.  A mwbr  of  aoiitiiMB  of  Ibo  ilflHooUal 
y‘^  ♦ X*(*y'  ♦ y)  • 0 far  larfo  vnioMi  of  X.  Ann.  of  Mach.  (2)  St, 
350>36l  (1930):  Math.  Rev.  It,  261  (1931). 

The  author  considers  the  equation 
X*(»y*  ♦ y)-  0, 

where  x is  complez  and  X is  large  and  real.  Asymptotic  forms  of  the 
solutions  are  found  from  integral  representations  by  the  method  of  steep- 
est descent. 

Umow,  Wolfgug.  AayiMoffa  aolatiom  of  Uw  dllfotwiUal  eomUoa  of 
IqrdrodTaMitc  stabllMy  fa  a domate  coatefafag  a IraBBlUoo  pofat. 
National  Bur.Standards,Report  1620  (Preprint)  63  PP>  (1932). 

The  differential  equation  considered  is 

i o,0r)u‘*"‘’+ X*  i i (z)u‘*’'^-0, 

<•1  * i«o  * 

where  x is  complez,  has  one  simple  zero  at  z « 0,  6 , (z)  a 0, 

ft  j (0)  ^ 0.  The  author  finds  functions  asymptotic  to  a fundamental  system 
of  solutions  in  a fized  neighborhood  of  z - 0 as  X -•  ••.  The  method 
resembles  that  of  Langer.  Use  is  made  of  the  known  asymptotic  solutions 
of  y X*(ry*  ♦ y)  ■ 0.  The  transformation  between  the  two  spaces  of 
solutions  is  not  linear. 

Wasow,  Wolfgaag.  On  the  dirferenUal  eonalloa  for  fae  sfabilUy  ef  plane 

CotJStte  flow.  National  Bur.  Standards  (working  paper  1952). 

The  diftercntial  equation  studied  is 

2a*  a*  t-  u + X*x(u*  — a*u)"  0. 
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From  the  contonr  iotefraJ  rcprc  eeneetions  of  a fuadaaeotal  set  of  solutions 
[u  ^{x,  A)],  the  followini  results  are  obtained 

rg,(*.A)(Wu(^-)l  * ia  S,  1^1  >^,>0 

\4;0t.  A)(1  + 0(A-*^)1  *«S  10  < ^0 

^hcre  ( - AS,  5 is  ■ uouTnied  neighborhood  of  a - 0,  and  the  functions 
5 ^ and  A ^ are  well  hnown.  A siailar  discuasioo  for  the  equation 

A*»(a*  ♦ a)  • 0 

is  given. 

VmMmI.  oncor.  ElM  VcfaUgswlHrait  itr  fl— UrtsiltUB  fir 
dlt  Zwwcke  6m  UtllcMWClMuyi.  Z.  Physik  St,  (1926). 

A foraal  expansion  in  powers  of  k/2mi  of  the  solotioo  of  the  asso* 
ciated  Riccati  equarion  is  used  to  obtain  the  eigenvalues  of  the  Schr&l* 
inger  equation. 


ZWMM.  A.  feteMflilM  is  Ca.  Fitf  psrtnM.  Thesis  • Utrecht  (1929). 


ioc  differential  equation  considered  is 


a*  ♦ A*^*(x)a  -0, 

where  0*  is  assuaed  to  have  a simple  zero  at  the  origin,  is  positive  on 
the  positive  real  axis,  and  admits  of  an  analytic  approximatioo  within  a 
suitable  region  of  the  complex  plane  containing  the  origin  in  its  interior. 
For  laige  negative  values  of  z the  following  solution  is  obtained 


c e‘^ 

(•)  atx)-  -L 


c,  e 


'.f 


0’ 


f-A/^'^da. 


Let  r denote  a aemi*circular  arc  with  center  at  the  origin  and  lying  in 
the  upper  half  plane  and  such  that  at  each  point  of  F a representation  of 
the  fora  (*}  for  the  solution  holds.  By  following  the  variations  in  (*)  as 
the  arc  F is  traversed  from  the  negative  real  axis  to  the  positive  real 
axis  aaynprotic  representations  of  the  solutions  valid  on  the  positive 
side  of  the  origin  are  obtained. 

Langer,  Bull.  Amer.  Mirth.  Soc.  40,  562  (1934)  and  Kemble,  Funda* 
mental  Principles  of  Quantum  Mechanics,  McGraw  Hill  (1937),  both 
discuss  this  method. 


